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1. Introduction
The aim of this paper is to bound the rank of certain geometries for the Mathieu group M22. Our
main result is
Theorem 1. Suppose G ∼= M22 and Γ is a primitive residually connected ﬂag transitive geometry for G. Then
rank Γ  6.
In Section 3 we shall give an example of a rank 6 geometry for M22 which satisﬁes the condi-
tions given in Theorem 1, so this bound is sharp. There have been many investigations of geometries
for the smaller sporadic ﬁnite simple groups of which we mention Buekenhout, Cara, Leemans [2],
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and Leemans, Rowley [14]. The data contained in the last mentioned paper will be used in the proof
of Theorem 1 which is the subject of Section 2. We now establish notation and terminology relating
to geometries for this paper – for further background see Buekenhout [1].
Formally a geometry Γ consists of a triple (Γ, I, ) where Γ is a set, I the set of types and  a
symmetric incidence relation on Γ for which
(i) Γ = ⋃˙i∈IΓi with each Γi a non-empty subset of Γ ; and
(ii) if x ∈ Γi , y ∈ Γ j(i, j ∈ I) and x  y, then i = j.
The rank of Γ , rank Γ , is the cardinality of I – if |I| = n we shall take I = {1, . . . ,n}. If F ⊆ Γ has
the property that for all x, y ∈ Γ with x = y, we have x  y, then we call F a ﬂag of Γ . The rank of
F is just |F |, its corank is |{i ∈ I | F ∩ Γi = ∅}| and its type is {i ∈ I | F ∩ Γi = ∅}.The geometries we
consider will be assumed to possess at least one ﬂag of rank |I|. For ∅ = J ⊆ I,Γ J denotes ⋃ j∈ J Γ j .
Let G be a subgroup of the group of automorphisms of Γ , AutΓ , which consists of all permutations
of Γ preserving the sets Γi and the incidence relation. By saying that Γ is a ﬂag transitive geometry
for G we mean that if F1 and F2 are ﬂags of Γ which have the same type, then F1 g = F2 for some
g ∈ G . Assume that Γ is a ﬂag transitive geometry for G , and let F = {x1, . . . , xn} be a maximal ﬂag
of Γ (that is F has rank |I|). For i ∈ I set Gi = StabG(xi) and for ∅ = J ⊆ I set G J =⋂ j∈ J Gx j and if
J = {i1, . . . , i j} we also write G J as Gi1...i j . Now setting F = {Gi | i ∈ I} we deﬁne a geometry Γ (G,F)
where the objects of type i are the right cosets of Gi in G and Gix and G j y ( where x, y ∈ G and
i, j ∈ I with i = j) are incident whenever Gix ∩ G j y = ∅. Then it is well known that Γ and Γ (G,F)
are isomorphic geometries. Here we will work with Γ (G,F) in proving Theorem 1.
A geometry Γ is said to be residually connected if for all ﬂags F of Γ of corank at least 2, the
incidence graph of ΓF = {x ∈ Γ | y  x for all y ∈ F } is connected. If Γ is a residually connected ﬂag
transitive geometry for G , then for ∅ = J  K ⊆ I it is the case that GK  G J . This observation will
be used frequently in the proof of Theorem 1.
From now on G will denote M22, the Mathieu group of degree 22 and Ω a 24-element set whose
elements will be labelled as in Curtis [5]. So
Ω =
15
3
0
∞
18
20
8
14
10
16
4
17
2
7
13
11
21
12
1
22
6
5
9
19
and we use the MOG [5] to give us a Steiner system S(24,8,5) for Ω . Further we shall identify G
with StabM24 (∞) ∩ StabM24 (14) where M24 is the Mathieu group of degree 24 leaving invariant the
Steiner system on Ω given by the MOG. Set Λ = Ω \ {∞,14}. An 8-element block of the Steiner
system is referred to as an octad of Ω and a dodecad is the symmetric difference of two octads of Ω
which intersect in a set of size two.
Next we repeat some notation from [7].
H= {X ⊆ Λ | X ∪ {∞,14} is an octad of Ω} (hexads of Λ).
Hp = {X ⊆ Λ | X ∪ {14} is an octad of Ω} (heptads of Λ).
Hp∞ = {X ⊆ Λ | X ∪ {∞} is an octad of Ω} (heptads of Λ).
O = {X ⊆ Λ | X is an octad of Ω} (octads of Λ).
D = {X ⊆ Λ | |X | = 2} (duads of Λ).
Do = {X ⊆ Λ | X is a dodecad of Ω} (dodecads of Λ).
E = {X ⊆ Λ | one of X ∪ {∞} and X ∪ {14} is a dodecad of Ω} (endecads of Λ).
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are as follows (see [4]). For i ∈ {1, . . . ,8}, Mi will denote the G-conjugacy class of Mi . If X, Y ∈X \ E ,
Mi Description
M1 ∼= L3(4) M1 = StabG (a), a ∈ Λ
M2 ∼= 24 : A6 M2 = StabG (X), X ∈H
M3 ∼= A7 M3 = StabG (X), X ∈Hp
M4 ∼= A7 M4 = StabG (X), X ∈Hp∞
M5 ∼= 23 : L3(2) M5 = StabG (X), X ∈O
M6 ∼= 24 : S5 M6 = StabG (X), X ∈D
M7 ∼= M10 M7 = StabG (X), X ∈Do
M8 ∼= L2(11) M8 = StabG (X), X ∈ E
then we have X = Y if and only if StabG(X) = StabG(Y ). This fact is important in proving Theorem 1
as, when studying Γ (G,F), we analyse the subgroups in F by the subsets of Λ which they leave
invariant. We remark that we will have no need to look at maximal subgroups in M7 ∪M8.
Suppose Γ is a residually connected, ﬂag transitive geometry for G with type set I = {1, . . . ,n}
and {x1, . . . , xn} a maximal ﬂag of Γ . Also assume that StabG(x) is a maximal subgroup of G
for all x ∈ Γ . Let {i, j,k} be a 3-element subset of I . Then {xi, x j, xk} is a ﬂag of Γ of type
{i, j,k} and Γ (G, {Gi,G j,Gk}) is a rank 3 subgeometry of Γ (G, {G1, . . . ,Gn}). Moreover Γ{i, j,k} =
Γ (G, {Gi,G j,Gk}) is a residually connected, ﬂag transitive geometry for G and so will be among
those listed in [14]. The description of the geometries on this list follows the following scheme.
By Γ (G, {Gi,G j,Gk}) = Mabc(tab, tac, tbc) we mean that Gi = StabG(Xi) ∈ Ma , G j = StabG(X j) ∈ Mb ,
Gk = StabG(Xk) ∈ Mc with |Xi ∩ X j| = tab , |Xi ∩ Xk| = tac and |X j ∩ Xk| = tbc . In order to specify the
ordering inherent in this notation we shall henceforth denote Γ (G, {Gi,G j,Gk}) by Γi jk . In Section 2
we shall not encounter rank 3 geometries of the kind Mabc(tab, tac, tbc; l) where l ∈ {1,2,3} nor will
we need to worry about subscripts (if any) to the tab, tac, tbc which sometimes appear in [7] and [14].
So we say nothing about such matters. Finally, we use Mabc to denote all the rank 3 geometries
Γi jk = Γ (G, {Gi,G j,Gk}) where Gi ∈Ma , G j ∈Mb , Gk ∈Mc and a,b, c ∈ {1, . . . ,8}.
The authors thank Dimitri Leemans for his careful reading of this paper, and his helpful comments.
2. Bounding the rank
This section contains a proof of Theorem 1. We shall suppose the result is false and argue for
a contradiction. So there exists a residually connected, ﬂag transitive geometry for G with StabG(x)
a maximal subgroup of G for all x ∈ Γ and rank Γ > 6. Since, for ∅ = J ⊆ I , Γ J is a residually
connected, ﬂag transitive geometry for G with StabG{x} maximal for all x ∈ Γ J , we may also assume
that rank Γ = 7. So I = {1, . . . ,7}.
First we restrict the possible rank 3 subgeometries of Γ .
2.1. Let J be a 3-element subset of I . Then the possibilities for Γ J are given in Table 1.
Since, for ∅ = J  K ⊆ I , we have GK  G J and |I| = 7, it follows that G J must have at least one
chain of subgroups of length 3. (For H a ﬁnite group we call H > H1 > H2 > ... > Hr > 1 a subgroup
chain of length r.) In particular, if G J is a 2-group, then |G J | 24. Now (2.1) follows from the tables
in [14].
Sometimes we shall say that a rank 3 geometry which appears in (2.1) is admissible.
2.2. Set I1 = {i ∈ I|Gi ∈M1}. Then
(i) |I1| 4; and
(ii) if |I1| = 4, then {Xi|i ∈ I1} is contained in a hexad h of Λ and GI1 = O 2(StabG(h)) ∼= 24.
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Γ J G J Γ J G J
M111(0,0,0) 243 M112(0,0,0) S4
M112(0,0,1) A5 M112(0,1,1) 24 A4
M113(0,0,1) S4 M113(0,1,1) A5
M115(0,1,1) S4 M116(0,1,0) 243
M122(0,1,0) A5 M122(0,0,0) 324
M122(1,1,2) 22 A4 M122(1,0,2) S4
M123(1,1,3) S4 M123(1,0,3) S4
M125(0,1,0) S4 M125(0,0,0) S4
M125(0,1,4) S4 M125(1,0,0) 22D8
M125(1,1,4) S4 M126(0,1,0) S4
M126(0,0,2) S4 M126(1,1,2) 24 A4
M127(0,0,6) 324 M134(1,0,0) S4
M134(1,0,4) S4 M135(0,0,0) S4
M135(1,0,0) S4 M136(1,0,2) S4
M136(1,1,2) A5 M155(0,1,0) S4
M156(0,0,01) 2222 M156(1,0,01) S4
M156(1,1,2) S4
*********** **** ************ *****
M222(0,0,2) S4 M225(0,0,4) S4
M225(2,0,0) 242 M226(0,0,2) S4
M226(2,0,2) 2× D8 M235(3,0,0) S4
M236(3,2,2) S4 M255(0,0,42) 24
M255(4,0,0) 242 M256(0,2,01) 2422
M256(4,2,2) 2222 M256(4,0,01) 2222
M266(2,0,02) 2× D8
*********** **** ************ *****
M345(4,0,0) S4
*********** **** ************ *****
M556(0,01,01) 2422 M566(01,01,02) 2322
M566(01,2,02) 232
Suppose that {1,2,3,4} ⊆ I1. Let h be the hexad of Λ which contains {X1, X2, X3}. By (2.1) G123 ∼=
243 with O 2(G123) = O 2(StabG(h)) ∼= 24. Since O 2(StabG(h)) acts regularly on Λ\h, if X4 ∈ Λ\h, then
G1234 ∼= 3. But then, as rank Γ = 7, Γ cannot be residually connected. Therefore {X1, X2, X3, X4} ⊆ h
and G1234 = O 2(StabG(h)) ∼= 24. If say 5 ∈ I1, then we would have X5 ∈ h and consequently G1234 =
G12345 ∼= 24. But then Γ is not residually connected. Hence |I1|  4 and this complete the proof
of (2.2).
By (2.2) we may suppose that {5,6,7} ⊆ {i ∈ I|Gi /∈M1}. Put  = Γ567.
2.3.  /∈M566.
Assume that  ∈ M566 – so we have G5 = StabG(X5) ∈ M5, G6 = StabG(X6) ∈ M6 and G7 =
StabG(X7) ∈ M6. By (2.1) no geometries in M166, M366, M466, M566, M666, M667 and M668 are
admissible, and so, without loss of generality, we deduce that G1,G2,G3 ∈ M2. Let l ∈ {1,2,3}. By
(2.1) Γl67 =M266(2,0,02) or M266(2,02,0). Hence the hexad Xl either contains the duad X6 or the
duad X7. Thus there exists l,m ∈ {1,2,3} with l = m such that both the hexads Xl and Xm contains
either X6 or X7. Suppose that Xl ∩ Xm ⊇ X6. Then Γlm6 =M226(2,2,2) which, by (2.1), is not admis-
sible, a contradiction. So  /∈M566.
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Assume that  ∈ M556. Then  = M556(0,01,01) by (2.1). So G5,G6 ∈ M5 and G7 ∈ M6. Also
X5 ∩ X6 = ∅. Let l ∈ I \ {5,6,7}. By (2.3) (with Γl67 in place of )Gl /∈ M6. Then, using (2.1), we
see that Gl ∈ M1 ∪ M2. Suppose, say, that G1,G2 ∈ M1. Then, by (2.1), Γ156 = M155(0,1,0) or
M155(1,0,0) (the ﬁrst possibility covers the case when |X1 ∩ X5| = 0, |X1 ∩ X6| = 1 and the sec-
ond when |X1 ∩ X5| = 1, |X1 ∩ X6| = 0). So either X1 /∈ X5 or X1 /∈ X6. Suppose X1 /∈ X6 holds. Now,
using (2.1) again, Γ126 = M115(0,1,1) which means that X1 ∈ X6, against X1 /∈ X6. Thus we may
assume that G2,G3,G4 ∈M2 with, by (2.1), Γ234 =M222(0,0,2). Hence X2, X3, X4 are hexads, with
X2 ∩ X3 = ∅ = X2 ∩ X4 and |X3 ∩ X4| = 2. Therefore Γ345 = M225(2,0,0) and Γ346 = M225(2,0,0)
by (2.1) which gives X5 ∩ (X3 ∪ X4) = ∅ = X6 ∩ (X3 ∪ X4). Thus X5 ∪ X6 ⊆ Λ \ (X3 ∪ X4). Since
|X3 ∪ X4| = 10 and X5 and X6 are octads of Λ we deduce that |X5 ∩ X6| = 4, contrary to X5 ∩ X6 = ∅,
so verifying (2.4).
2.5.  /∈M345.
Suppose that  ∈ M345. By (2.1)  = M345(4,0,0). Since no geometries in M334, M344, M355,
M356, M357 and M358 are admissible, Gl ∈M1∪M2 for l ∈ {1,2,3,4}. Assume that, say, G1,G2 ∈M1.
Then Γ126 ∈M114 which is impossible by (2.1). Hence we may suppose that G3,G4 ∈M2 which then
yields Γ345 ∈M223. This is a contradiction as no geometries in M223 are admissible, so proving (2.5).
2.6.  /∈M266.
If  ∈M266, then  =M266(2,0,02) or M266(0,2,02). By (2.1) and (2.2), for l ∈ {1, . . . ,4}, Γl67 =
M266(2,0,02) or M266(0,2,02). Hence for m ∈ {1, . . . ,5} the hexad Xm either contains X6 or X7 (X6
and X7 are duads). As a result we may ﬁnd three hexads from X1, . . . , X5 say X1, X2, X3 such that
X1 ∩ X2 ∩ X3 contains either X6 or X7. Thus Γ123 =M222(2,2,2) which, by (2.1), is not admissible.
Therefore  /∈M266.
2.7.  /∈M256.
Suppose that  ∈ M256 and argue for a contradiction. By (2.1)  = M256(4,2,2),  =
M256(4,0,01) or M256(0,2,01). First we look at the case  = M256(4,2,2). So |X6 ∩ X7| = 2. For
l ∈ {1, . . . ,4} looking at Ml56 geometries, we see, by (2.1), (2.3) and (2.4), that Gl ∈ M1 ∪ M2.
If, say G1,G2 ∈ M2, then, as |X6 ∩ X7| = 2 rules out M256(0,2,01), Γl67 = M256(4,2,2) for
l ∈ {1,2,5}. Hence the duad X7 is contained in each of the hexads X1, X2 and X5. But by (2.1)
Γ125 = M222(0,0,2), M222(0,2,0) or M222(2,0,0), and so we deduce that at least three of G1, G2,
G3 and G4 are in M1, say G1, G2, G3. Since |X6 ∩ X7| = 2, for l ∈ {1,2,3}, Γl67 is not M156(0,0,01)
nor M156(1,0,01) whence, by (2.1), Γl67 =M156(1,1,2). In particular, X1, X2, X3 ∈ X7 which is im-
possible as X7 is duad, and this rules out  =M256(4,2,2).
Next we consider the case  =M256(4,0,01). Just as for the case  =M256(4,2,2), we infer that
Gl ∈ M1 ∪ M2 for l ∈ {1, . . . ,4}. So we have G5 ∈ M2, G6 ∈ M5, G7 ∈ M6 with X5 a hexad, X6 an
octad and X7 a duad. Also |X5 ∩ X6| = 4 and X5 ∩ X7 = X6 ∩ X7 = ∅. Suppose that G1,G2 ∈M1. Since
X6∩ X7 = ∅, using (2.1) we see that Γ167 is either M156(0,0,01) or M156(1,0,01). Hence X1∩ X7 = ∅.
Likewise we deduce that X2 ∩ X7 = ∅. Now looking at Γ127, (2.1) gives that Γ127 equals M116(0,1,0)
or M116(0,0,1) which means that either |X1 ∩ X7| = 1 or |X2 ∩ X7| = 1, a contradiction. So at most
one of G1,G2,G3,G4 can be in M1. Thus, without loss of generality, G2,G3,G4 ∈M2. By (2.1) Γl57 is
one of M226(0,0,2), M226(2,0,2), M226(0,2,0), M226(2,2,0) for  ∈ {2,3,4}. Hence either X7 ⊆ Xl
or X7 ⊆ X5. But we have X5 ∩ X7 = ∅, and therefore X7 ⊆ Xl for l ∈ {2,3,4}. Consequently Γ234 ∈
M222(2,2,2) which is not admissible. Thus  =M256(4,0,01) is not possible.
Finally we look at the case  =M256(0,2,01). Again we see that Gl ∈M1 ∪M2 for l ∈ {1, . . . ,4}.
Suppose G1,G2,G3 ∈ M2. Then for l ∈ {1,2,3} Γl67 = M256(0,2,01) (recall that M256(4,2,2) and
M256(4,0,01) have been eliminated) and hence Xl contains the duad X7. So Γ123 is not equal to
M222(0,0,2), M222(0,2,0) or M222(2,0,0) and hence we may assume G1,G2 ∈ M1. Considering
Γ126 we see it must be M115(0,1,1). So X1, X2 ∈ X6. Now X6 ∩ X7 = ∅ and thus Γ127 =M116(0,0,0).
But M116(0,0,0) is not admissible, and with this contradiction we have proven (2.7).
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Let l ∈ {1, . . . ,4} and suppose that Gl /∈ M1 ∪ M2. If  ∈ M255, then Γl67 ∈ M j55 for some
j ∈ {3, . . . ,8}. By (2.1) Γl67 ∈ M655. However (2.4) (which, as {l,6,7} ⊆ {i ∈ I|Gi /∈ M1}, applies to
Γl67) rules this out. So (2.8) holds when  ∈ M255. While  ∈ M236 gives Γl67 ∈ M j36 for some
j ∈ {3, . . . ,8} and none of these are admissible. If  ∈ M235, then Γl67 ∈ M j35 some j ∈ {3, . . . ,8}
whence, by (2.1), Γl67 ∈ M435. But, by (2.5), Γl67 /∈ M435. Therefore, in all cases, we conclude that
Gl ∈M1 ∪M2.
2.9.  /∈M255.
Assume that  ∈M255. Then  =M255(0,0,42), M255(4,0,0) or M255(0,4,0) by (2.1). Suppose
 = M255(0,0,42). If G1,G2,G3 ∈ M2, then, as |X6 ∩ X7| = 4, Γl67 = M255(4,0,0) or M255(0,4,0)
and hence Γl67 =M255(0,0,42). Because Γ123 =M222(2,0,0), M222(0,2,0) or M222(0,0,2) we have
that |X1 ∪ X2 ∪ X3| = 16 and therefore at least one of X1, X2 and X3, say X1 has a non-empty
intersection with X6 ∪ X7. Thus Γ167 =M255(0,0,42), a contradiction. So we can’t have G1,G2,G3 ∈
M2 and hence, by (2.8), we may assume G1 ∈ M1. By (2.1) Γ167 = M155(0,1,0) or M155(1,0,0)
whereas |X6 ∩ X7| = 4. Thus we conclude that  = M255(0,0,42). Now, without loss generality, we
assume that  = M255(4,0,0). So X6 ∩ X7 = ∅. Suppose that G1,G2 ∈ M2. Since we have ruled out
M255(0,0,42), Γ167 =M255(4,0,0) or M255(0,4,0) by (2.1). Without loss we assume the latter and
so |X1 ∩ X6| = 4. Then Γ126 =M225(2,0,0) and hence Γ126 =M225(0,0,4) or M225(0,4,0) by (2.1).
Therefore X1 ∩ X2 = ∅. So if we have, say, G1,G2,G3 ∈M2, then we also get X2 ∩ X3 = ∅ = X1 ∩ X3
and therefore Γ123 =M222(0,0,0) which is not admissible. Thus we may suppose G1,G2 ∈M1. Now,
by (2.1), Γ126 = M115(0,1,1) which means that X1, X2 ∈ X6. Similarly we deduce that X1, X2 ∈ X7.
However X6 ∩ X7 = ∅, and this contradiction completes the proof of (2.9).
2.10.  /∈M236.
If (2.10) is false, then  =M236(3,2,2). Further, from [14], G567 ∼= S4 with G567 acting transitively
on X6 \ X5. If Gl ∈ M2 (l ∈ {1, . . . ,4}), then Γl67 = M236(3,2,2) whence the hexad Xl contains the
duad X7. Hence (as X5 ⊇ X7) at most one of G1,G2,G3 and G4 is in M2 by (2.1). So, by (2.8), we
may suppose G1,G2,G3 ∈M1. Using (2.1) gives Γl67 =M136(1,0,2) or M136(1,1,2) for l ∈ {1,2,3}.
Therefore Xl ∈ X6 for l ∈ {1,2,3}. Since X7 is a duad, we may suppose X1 /∈ X7. If X1 ∈ X5, then, as
|(X5 ∩ X6) \ X7| = 1, {X1} = (X5 ∩ X6) \ X7 and consequently G567 = G1567, which is not the case. Thus
X1 /∈ X5 and therefore X1 ∈ X6 \ X5. But then G1567 ∼= S3 which forces rank Γ  6, and so we infer
that (2.10) holds.
2.11.  /∈M235.
If  ∈M235, then  =M235(3,0,0) by (2.1). Assume that Gl ∈M2 for l ∈ {1, . . . ,4}. Then we also
have Γl67 =M235(3,0,0). So Xl is a hexad with Xl∩ X7 = ∅. Now X7 is an octad of Λ with X5∩ X7 = ∅
and X5 is a hexad. Hence, by [5], |X5 ∩ Xl| = 2. Consequently at most one of G1,G2,G3,G4 is in M2.
So we may suppose G1,G2 ∈M1 by (2.8). Then, using (2.1), Γ127 =M115(0,1,1) which implies that
both X1 and X2 are in X7. But, by (2.1), the possibilities for Γ167 are M135(0,0,0) and M135(1,0,0)
which means X1 /∈ X7, contrary to X1 ∈ X7. Thus  /∈M235 and (2.11) is proven.
2.12. Suppose  ∈M22k where k = 5,6. Then G1, . . . ,G4 ∈M1 ∪M2.
Let l ∈ {1, . . . ,4} and suppose that Gl /∈ M1 ∪ M2. Then Γl67 ∈ M j2k where k = 5,6 and j ∈
{3, . . . ,8}. By (2.1) and (2.6), (2.7), (2.9), (2.10) none of these are admissible. So (2.12) holds.
2.13.  /∈M226.
If  ∈ M226, then by (2.1)  = M226(2,0,2),M226(2,2,0),M226(0,0,2) or M226(0,2,0). By
(2.12) Gl ∈ M1 ∪ M2 for l ∈ {1, . . . ,4}. Suppose that  = M226(2,0,2). Then X5 and X6 are hex-
ads with |X5 ∩ X6| = 2 and X7 is a duad with X7 ⊆ X6 and X5 ∩ X7 = ∅. If, for l ∈ {1, . . . ,4},
Gl ∈M2, then, by (2.1), Γl56 =M222(0,0,2). So Xl ∩ (X5 ∪ X6) = ∅ and therefore Γl57 =M226(0,0,0)
which is not admissible. Thus Gl ∈ M1 for all l ∈ {1, . . . ,4}. Now for l ∈ {1, . . . ,4}, using (2.1),
Γl57 = M126(0,1,0) which means Xl ∈ X7. But X7 is a duad and so this is not possible. Thus
we have shown  = M226(2,0,2) and, similarly,  = M226(2,2,0) and so we must have  =
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X7 ⊆ X6 and X5∩ X7 = ∅. Suppose we have Gl ∈M2 for some l ∈ {1, . . . ,4}. Because M226(2,0,2) and
M226(2,2,0) have been eliminated and X5 ∩ X7 = ∅, Γl57 =M226(0,2,0). Thus X7 ⊆ Xl and therefore
Γl67 = M226(|Xl ∩ X6|,2,2) which is not admissible. Consequently Gl ∈ M1 for all l ∈ {1, . . . ,4}. Let
l ∈ {1, . . . ,4}. Looking at Γl57 ∈M126 we have, as X5 ∩ X7 = ∅, that Γl57 is not equal to M126(0,0,2)
or M126(1,1,2). So, on consulting (2.1), we must have Γl57 = M126(0,1,0). That is Xl ∈ X7 for
l ∈ {1, . . . ,4}. Again, as X7 is a duad, this is impossible and completes the proof of (2.13).
2.14.  /∈M225.
Assume that  ∈ M225. Then  = M225(2,0,0), M225(0,0,4) or M225(0,4,0) by (2.1). So X5
and X6 are hexads and X7 is an octad. Suppose that  = M225(2,0,0). Then |X5 ∩ X6| = 2 and
(X5 ∪ X6) ∩ X7 = ∅. If, say, G1,G2 ∈ M1, then by (2.1) Γ127 = M115(0,1,1), whence X1, X2 ∈ X7.
Since |X5 ∩ X6| = 2, Γ156 = M122(1,1,2), M122(1,0,2) or M122(0,1,2) and therefore X1 ∈ X5 ∪ X6.
But we already have X1 ∈ X7 and (X5 ∪ X6) ∩ X7 = ∅, a contradiction. Thus at most one of G1,G2,G3
and G4 is in M1. Hence we may assume, by (2.12), that G1,G2 ∈M2. By (2.1) Γ156 =M222(0,0,2)
(as |X5 ∩ X6| = 2) and so X1 ∩ X5 = ∅. Now, as X5 ∩ X7 = ∅, (2.1) implies that Γ157 = M225(0,4,0)
(with |X1 ∩ X7| = 4). Likewise we see that |X2 ∩ X7| = 4. Hence Γ127 =M225(|X1 ∩ X2|,4,4) which is
not admissible and therefore  = M225(2,0,0). So  = M225(0,0,4) or M225(0,4,0). Without loss
of generality we assume  =M225(0,0,4), and so we have X5 ∩ X6 = ∅ = X5 ∩ X7 and |X6 ∩ X7| = 4.
Suppose, say, that G1 ∈M2. Since we have ruled out M225(2,0,0), by (2.1) Γ157 =M225(0,4,0) (as
X5 ∩ X7 = ∅) and Γ167 = M225(0,0,4) (as |X6 ∩ X7| = 4). But then, on the one hand, |X1 ∩ X7| = 4
and the other |X1 ∩ X7| = 0. Therefore Gi /∈M2 for i ∈ {1, . . . ,4}. Hence Gi ∈M1 for i ∈ {1, . . . ,4} by
(2.12). Then, for 1  i < j  4, Γi j7 = M115(0,1,1) by (2.1). So we deduce that {X1, X2, X3, X4} ⊆
X7. From (2.2) (ii) we get {X1, X2, X3, X4} ⊆ h where h is a hexad and G1234 = O 2(StabG(h)) ∼= 24.
If h ∩ X5 = ∅, then G12345 = 1, contrary to Γ being residually connected. So |h ∩ X5| = 2. Since G
acts transitively on the set of hexads, we may assume that X5 = {0,8,3,20,15,18}. Now StabG(X5)
is transitive on the pairs (k, O ) where k is a hexad of Λ and O an octad of Λ such that X5 ∩
k = ∅ = X5 ∩ O and |k ∩ O | = 4. Thus we may also assume that X6 = {17,11,22,9,5,6} and X7 =
{22,19,1,9,12,5,21,6}. Since |h∩ X5| = 2 and {X1, X2, X3, X4} ⊆ h∩ X7, consulting the MOG we see
that there are six possibilities for {X1, X2, X3, X4}, namely {22,19,1,9}, {22,19,12,5},{22,19,21,6},
{1,9,12,5}, {1,9,21,6} and {12,5,21,6}. Suppose the ﬁrst possibility occurs (all others may be dealt
with similarly) and, without loss of generality X1 = 22, X2 = 19, X3 = 9 and X4 = 1. Clearly X6 \
X7 = {17,11} is G12367-invariant and so G12367 leaves invariant the unique octad of Λ containing
{17,11,22,19,9} which is {17,11,4,13,22,19,1,9}. But then G12367 must ﬁx 1 = X4 and therefore
G12367 = G123467, a contradiction. Thus  =M225(0,0,4) cannot arise, so proving (2.14).
2.15.  /∈M222.
If  ∈ M222, then  = M222(0,0,2) by (2.1). So X5, X6 and X7 are hexads of Λ with
X5 ∩ X6 = ∅ = X5 ∩ X7 and |X6 ∩ X7| = 2. Suppose, say, that G1 ∈ M2. Then Γ167 = M222(0,0,2)
(as |X6 ∩ X7| = 2). So X1 ∩ (X6 ∪ X7) = ∅. From X1 ∩ X6 = ∅ = X5 ∩ X6, Γ156 =M222(2,0,0) and thus
|X1 ∩ X5| = 2. Now further assume that G2 ∈ M2. Then Γ125 = M222(0,2,0) (as |X1 ∩ X5| = 2) and
Γ267 =M222(0,0,2) (as |X6 ∩ X7| = 2). Consequently X2 ∩ (X1 ∪ X5) = ∅ = X2 ∩ (X6 ∪ X7). However
this is impossible as |X1 ∪ X5 ∪ X6 ∪ X7| = 20. Thus we infer that G2 /∈ M2. So, by (2.12), G2 ∈ M1.
Using (2.1), as |X6 ∩ X7| = 2, gives Γ267 =M122(1,1,2), M122(1,0,2) or M122(0,1,2). In particular,
X2 ∈ X6 ∪ X7. Since |X1 ∩ X5| = 2, we similarly deduce that X2 ∈ X1 ∪ X5. This is a contradiction
as (X1 ∪ X5) ∩ (X6 ∪ X7) = ∅ and so we have shown that G1 /∈ M2. Thus, by (2.12), Gi ∈ M1, for
i ∈ {1, . . . ,4}. Since G is transitive on the hexads of Λ we may take X5 = {0,8,3,20,15,18}. Then,
as StabG(X5) is transitive on pairs of hexads (k1,k2) with the property that k1 ∩ X5 = ∅ = k2 ∩ X5
and |k1 ∩ k2| = 2, we may assume X6 = {17,11,19,1,12,21} and X7 = {17,11,22,9,5,6}. By (2.1)
we have Xi ∈ X6 ∪ X7 for i ∈ {1, . . . ,4} and by (2.1) (ii) {X1, X2, X3, X4} ⊆ h for some hexad h with
G1234 = O 2(StabG(h)) ∼= 24. If h ∩ X5 = ∅, then G12345 = 1 which is impossible. So |h ∩ X5| = 2. If
X6 ∩ X7 ∩ {X1, X2, X3, X4} = ∅, then either |X6 ∩ {X1, X2, X3, X4}| = 3 or |X7 ∩ {X1, X2, X3, X4}| = 3
whence either h = X6 or h = X7 contrary to |h ∩ X5| = 2. Therefore {X1, X2, X3, X4} ⊆ (X6 ∪ X7) \
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the case M225(0,0,4) we obtain a contradiction and so we have proved that  /∈M222.
The combined effect of (2.1) and (2.3), (2.4), (2.5), (2.6), (2.7), (2.9), (2.10), (2.11), (2.13), (2.14)
and (2.15) is to eliminate all possibilities for  and with this the proof of Theorem 1 is complete.
3. A rank 6 geometry for M22
Let X1, X2 and X3, elements of Λ, be, respectively, 0,8 and 17. Then we choose two hexads and
one heptad of Λ as below.
X4 =
×
×
×
×
×
×
X5 =
× × ×
×
×
×
X6 =
×
× ×
×
×
×
×
Put Gi = StabG(Xi) for i ∈ {1, . . . ,6} and F = {Gi | i ∈ {1, . . . ,6}}. Then it can be checked that
Γ (G,F) is a residually connected geometry which clearly has rank 6. We end this paper with the
Buekenhout diagram for this geometry.
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